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Linear statistical model

y=As+b (1)
with
y: K x1random
s: P x 1 random stat. independent
A : K x P deterministic
b: errors
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Linear statistical model

y=As+b (1)
with
y: K x1random “sensors”
s: P x 1 random stat. independent “sources”
A : K x P deterministic “mixing matrix”
b: errors “noise”

(may be removed for P large enough)
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Other writing

Pierre Comon MMDS - July 2009



Introduction Statistics Tensors TheEnd App Model Goals Appl

Other writing

y=I[A 1] [E}

which is of the noiseless form
y=As

with a larger dimension P
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Taxinomy

Problems addressed in the literature:
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m K > P: “over-determined”

can be reduced to a square P x P regular mixture
m A orthogonal or unitary
m A square invertible
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can be reduced to a square P x P regular mixture
m A orthogonal or unitary
m A square invertible

m K < P: “under-determined”
m A rectangular with pairwise lin. independent columns

Pierre Comon MMDS - July 2009



Introduction Statistics Tensors TheEnd App Model Goals Appl

Taxinomy

Problems addressed in the literature:

m K > P: “over-determined” — Approximation Pb

can be reduced to a square P x P regular mixture
m A orthogonal or unitary
m A square invertible

m K < P: “under-determined”
m A rectangular with pairwise lin. independent columns
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Taxinomy

Problems addressed in the literature:

m K > P: “over-determined” — Approximation Pb

can be reduced to a square P x P regular mixture
m A orthogonal or unitary
m A square invertible

m K < P: “under-determined” — Exact decompostion
m A rectangular with pairwise lin. independent columns
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Goals

Solely from realizations of observation vector y
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In the stochastic framework:
m Estimate matrix A: Blind identification

m Estimate realizations of the “source” vector s: Blind
separation /extraction /equalization
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In the stochastic framework:
m Estimate matrix A: Blind identification
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Goals

Solely from realizations of observation vector y

In the stochastic framework:
m Estimate matrix A: Blind identification

m Estimate realizations of the “source” vector s: Blind
separation /extraction /equalization

In the deterministic framework:

m Build a data tensor ) thanks to a diversity k, and decompose
it:

Vik =Y AipSipBro
P
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Goals

Solely from realizations of observation vector y

In the stochastic framework:
m Estimate matrix A: Blind identification

m Estimate realizations of the “source” vector s: Blind
separation /extraction /equalization

In the deterministic framework:

m Build a data tensor ) thanks to a diversity k, and decompose
it:

Vik =Y AipSipBro
P

m A and s are jointly estimated
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Application areas

Telecommunications (Cellular, Satellite, Military),
A Radar, Sonar,

Biomedical (EchoGraphy, ElectroEncephaloGraphy,
ElectroCardioGraphy)...

A Speech, Audio,
Machine learning,
@ Data mining,
Control...
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Identifiability & Uniqueness

m Uniqueness/ldentifiability up to inherent ambiguities

m Finite number of solutions
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Equivalent representations

Let y admit two representations
y=As and y=Bz

where s (resp. z) have independent components, and A (resp. B)
have pairwise noncollinear columns.
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Equivalent representations

Let y admit two representations
y=As and y=Bz

where s (resp. z) have independent components, and A (resp. B)
have pairwise noncollinear columns.

m These representations are equivalent if every column of A is
proportional to some column of B, and vice versa.
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Equivalent representations

Let y admit two representations
y=As and y=Bz

where s (resp. z) have independent components, and A (resp. B)
have pairwise noncollinear columns.

m These representations are equivalent if every column of A is
proportional to some column of B, and vice versa.

m If all representations of y are equivalent, they are said to be
essentially unique (permutation & scale ambiguities only).
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|dentifiability & uniqueness theorems

Let y be a random vector of the form y = A's, where s, are
independent, and A has non pairwise collinear columns.
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|dentifiability & uniqueness theorems

Let y be a random vector of the form y = A's, where s, are
independent, and A has non pairwise collinear columns.

m ldentifiability theorem y can be represented as
y = A s; + As sy, where s1 is non Gaussian, s, is Gaussian
independent of s1, and A; is essentially unique.
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|dentifiability & uniqueness theorems

Let y be a random vector of the form y = A's, where s, are
independent, and A has non pairwise collinear columns.
m ldentifiability theorem y can be represented as
y = A s; + As sy, where s1 is non Gaussian, s, is Gaussian
independent of s1, and A; is essentially unique.
m Uniqueness theorem If in addition the columns of A; are
linearly independent, then the distribution of s; is unique up
to scale and location indeterminacies.
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Example of uniqueness

Let s; be independent with no Gaussian component, and b; be
independent Gaussian. Then the linear model below is identifiable,
but A, is not essentially unique whereas A; is:

S1+s+2b . b1 . b1 + by
< 51+ 2 by )—A1$+A2(b2>—A15+A3(bl_b2>

with

11 2 0 1 1
A1—<1 0>,A2—<0 2> and A3—<1 _1>

Hence the distribution of s is essentially unique.
But (A1, A2) not equivalent to (Az, A3).

Pierre Comon MMDS - July 2009
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Example of non uniqueness

Let s; be independent with no Gaussian component, and b; be
independent Gaussian. Then the linear model below is identifiable,
but the distribution of s is not unique because a 2 X 4 matrix
cannot be full column rank:

s1 s1+2b;

<51+53+S4+2b1>_ S A S2+2bo
SS+Ss3—5s4+2b s34+ by + by S3
S4 + b1 — by S4

with

101 1
A‘<011—1>

Pierre Comon MMDS - July 2009 11
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Characteristic functions

First c.f.
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Characteristic functions

First c.f.
def

m Real Scalar: &,(t) = E{e'™} = [ €™ dF,(u)
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def
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Characteristic functions

First c.f.
m Real Scalar: &,(t) = E{e'™} = [ €™ dF,(u)

m Real Multivariate: ®x(t )dlelc E{e ot! =y et’ U dFx(u)

def

Second c.f.

m V() < jog d(t)
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Characteristic functions

First c.f.
m Real Scalar: &,(t) = E{e'™} = [ €™ dF,(u)

m Real Multivariate: ®x(t )dlef E{e ot! =y et’ U dFx(u)

def

Second c.f.

m V() & log o(t)

m Properties:

m Always exists in the neighborhood of 0
m Uniquely defined as long as ®(t) # 0

Pierre Comon MMDS - July 2009
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Characteristic functions (cont'd)

m Properties of the 2nd Characteristic function (cont'd):
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Characteristic functions (cont'd)

m Properties of the 2nd Characteristic function (cont'd):

m if a c.f. W,(t) is a polynomial, then its degree is at most 2 and
x is Gaussian (Marcinkiewicz'1938)
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Characteristic functions (cont'd)

m Properties of the 2nd Characteristic function (cont'd):

m if a c.f. W,(t) is a polynomial, then its degree is at most 2 and
x is Gaussian (Marcinkiewicz'1938)

Proof.

complicated... O
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Characteristic functions (cont'd)

m Properties of the 2nd Characteristic function (cont'd):

m if a c.f. W,(t) is a polynomial, then its degree is at most 2 and
x is Gaussian (Marcinkiewicz'1938)

Proof.

complicated... O

m if (x,y) statistically independent, then
Wiy (U, v) = Vi(u) + Wy (v) (3)

Pierre Comon MMDS - July 2009 13



Introduction Statistics Tensors TheEnd App Uniqueness c.f. Decomposition

Characteristic functions (cont'd)

m Properties of the 2nd Characteristic function (cont'd):

m if a c.f. W,(t) is a polynomial, then its degree is at most 2 and
x is Gaussian (Marcinkiewicz'1938)

Proof.

complicated... O

m if (x,y) statistically independent, then
Wiy (U, v) = Vi(u) + Wy (v) (3)
Proof.

Vo (u,v) = log[E{expa(ux + v)}]
log[E {exp o(ux)} Efexp(wy)}].
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Problem posed in terms of Characteristic Functions

m If s, independent and y = A's, we have the core equation:

Vy(u) = Z¢p (Z Uq qu) (4)
P

q

where 1, (w) def log E{exp(sp w)}.
Proof.
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Problem posed in terms of Characteristic Functions

m If s, independent and y = A's, we have the core equation:
Vy(u) = Z¢p (Z Uq qu) (4)
P q

where 1, (w) def log E{exp(sp w)}.
Proof.
m Plug y = As, in definition of W, and get

®, (u) def E{exp z(uTA s)} = E{exp Z(Z ug Agp Sp) }

p,q

Pierre Comon MMDS - July 2009 14



Introduction Statistics Tensors TheEnd App Uniqueness c.f. Decomposition

Problem posed in terms of Characteristic Functions

m If s, independent and y = A's, we have the core equation:

Vy(u) = Z¢p (Z Uq qu) (4)
P q
where 1, (w) def log E{exp(sp w)}.
Proof.
m Plug y = As, in definition of W, and get

®, (u) def E{exp z(uTA s)} = E{exp Z(Z ug Agp Sp) }

p,q

m Since s, independent, ¢, (u) = [[,E{expe(_, uqgAgp Sp)}
O
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Function decomposition

Problem:
Equation (4) shows that we have to decompose a mutlivariate
function into a sum of univariate ones.
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Function decomposition

Problem:
Equation (4) shows that we have to decompose a mutlivariate
function into a sum of univariate ones.

Weierstrass (1885), Stone (1948), Hilbert (1900), Kolmogorov
(1957), Sprecher (1965), Hornik (1989), Cybenko (1989)...

[0 But here, W, and ;s are characteristic functions.

Pierre Comon MMDS - July 2009 15
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Problem seen as non symmetric tensor decomposition

Back to core equation (4):

Vy(u) = pr (Z “qup> ,ueg
p

q

m Assumption: functions ¢, 1 < p < P admit finite derivatives
up to order d in a neighborhood of the origin, containing G.
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Problem seen as non symmetric tensor decomposition

Back to core equation (4):

=> " (Zquqp> ,ueg
P

q
m Assumption: functions ¢, 1 < p < P admit finite derivatives

up to order d in a neighborhood of the origin, containing G.

m Taking d = 3 as a working example:

o3V 3
W Z Aip Ajp Ay U5 (D g Agp)
i g=1
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Problem seen as non symmetric tensor decomposition

Back to core equation (4):

=> " (Zquqp> ,ueg
P

q
m Assumption: functions ¢, 1 < p < P admit finite derivatives

up to order d in a neighborhood of the origin, containing G.

m Taking d = 3 as a working example:

v (3%
W Z Aip Ajp Akp ¥p (qz::l g Aqgp)
m of the form Tjy, = Zp Aip Ajp Akp Fup, if L points uy € G.
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Problem seen as symmetric tensor decomposition (1/2)

If only the origin in G, i.e. uy =0, then

Cijk = Z Aip Ajp Akp Tp
P

Multi-linear relation relating cumulants.

Pierre Comon MMDS - July 2009
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Problem seen as symmetric tensor decomposition (2/2)
m Equivalent writing (still with d = 3 as working example)

P
C=> £ h(p)eh(p)eh(p)

where h(p) %ef pth column of A.
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Problem seen as symmetric tensor decomposition (2/2)

m Equivalent writing (still with d = 3 as working example)
P
C= Z fo h(p) @ h(p) e h(p)
p=1

where h(p) & pth column of A.

m If vectors h(p) are not pairwise collinear, P is hopefully
minimal, i.e. equal to the rank of tensor C
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Problem seen as symmetric tensor decomposition (2/2)

m Equivalent writing (still with d = 3 as working example)
P
C= Z fo h(p) @ h(p) e h(p)
p=1

where h(p) & pth column of A.

m If vectors h(p) are not pairwise collinear, P is hopefully
minimal, i.e. equal to the rank of tensor C — condition

Pierre Comon MMDS - July 2009 18
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Expected rank

For an order-d symmetric tensor of dimension K
m Number of equations: (KJFj*l)
Number of unknowns: PK

For what P can one have an exact fit?
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Expected rank

For an order-d symmetric tensor of dimension K
m Number of equations: (KJijl)
Number of unknowns: PK

For what P can one have an exact fit?

m “Expected rank”:
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Non symmetric Symmetric Deterministic
Clebsch’s statement

Alfred Clebsch (1833-1872)

For (d, K) = (4,3), a generic tensor cannot be written as the sum

of 5 rank-1 terms, even if #unknowns = 15 = #equations

Pierre Comon

[m]

&
MMDS - July 2009
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Non symmetric Symmetric Deterministic
Hirschowitz theorem

From Alexander-Hirschowitz thm (1995), one deduces [CGLMOS]:

THEOREM

For d > 2, the generic rank of a dth order symmetric
tensor of dimension K is always equal to the expected rank

Rs = R(K,d)
except for (d, K) € {(3,5), (4,3),(4,4),(4,5)}

(6)
(O Only a finite number of exceptions !
Pierre Comon

[m]

&
MMDS - July 2009
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Identifiability

Identifiability in wider sense: finite number of solutions
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Identifiability

Identifiability in wider sense: finite number of solutions

m Necessary condition for identifiability: P < R(K, d).
Not sufficient, cf. Clebsch (1861), Hirschowitz (1995)
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Identifiability

Identifiability in wider sense: finite number of solutions

m Necessary condition for identifiability: P < R(K, d).
Not sufficient, cf. Clebsch (1861), Hirschowitz (1995)

m Sufficient condition for almost sure identifiability:
P < R(K,d).
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Identifiability

Identifiability in wider sense: finite number of solutions

m Necessary condition for identifiability: P < R(K, d).
Not sufficient, cf. Clebsch (1861), Hirschowitz (1995)

m Sufficient condition for almost sure identifiability:
P < R(K,d).

m NS condition for almost sure identifiability:

K+d—-1
) _ R(K.d) = R,

_ (g
="

Pierre Comon MMDS - July 2009 22



Introduction Statistics Tensors TheEnd App Non symmetric Symmetric Deterministic

Generic rank of symmetric tensors

Symmetric tensors of order d and dimension K:

s ] 2 3 4 5 6 7 8 |
2 2 3 4 5 6 7 8
3 4 § 10
4 3 6 10 15 [21] [30] 42

Pierre Comon MMDS - July 2009 23
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Deterministic approaches

m Model:

Yik =D AipSjp Bip
P

m Y =3, a(p)es(p)eb(p)

Pierre Comon MMDS - July 2009
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Expected rank

For an order-d symmetric tensor of dimensions Ky, 1 < /¢ < d

m Number of equations: ], K;
Number of unknowns: >, K,P — (d — 1)P
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Expected rank

For an order-d symmetric tensor of dimensions Ky, 1 < /¢ < d

m Number of equations: ], K;
Number of unknowns: >, K,P — (d — 1)P

m “Expected rank” again given by the ceil rule:

def [ Ke
R(K1, .., Ka) = [ZZKZZ—CH-J

Pierre Comon MMDS - July 2009
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Identifiability

m Necessary condition for identifiability:

P < R(Ki,.., Kg)
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Identifiability

m Necessary condition for identifiability:

P < R(Ki,..,Kq)

m Sufficient condition for almost sure identifiability:

P < R(Kl, . Kd)
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Identifiability

m Necessary condition for identifiability:

P < R(Ki,.., Kg)

m Sufficient condition for almost sure identifiability:
P < R(Kl, . Kd)

m For general tensors, generic rank R not yet known everywhere.

Pierre Comon MMDS - July 2009
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Generic rank of order 3 free tensors (1)

K 2 3 4
J 2 3 4 5|3 4 5| 4 5
2 3 4 43 4 5 5
3| 3 4 5|5 5 6 |6
4 | 4 4 55 6 |6/ 7 8
5104 5 5 [5]|[5] [6] 8| 8 9
6|4 6 6 6|6 7 8 10
1714 6 7 7|7 |7/ 9| 9
8|4 6 8 8|8 8 9|10 11
9|4 6 8 99 9 [9]]10 12
1014 6 8 109 10 10 12
114 6 8 109 11 11|11 13
124 6 8 109 12 12| 12 13

Pierre Comon MMDS - July 2009
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Perspectives

m Efficient algorithms to compute finite set of solutions
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solutions
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Perspectives

m Efficient algorithms to compute finite set of solutions

m Detection of weak defectivity: rare cases when oo many
solutions
m Construction of additional diversity: increases order
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Perspectives

m Efficient algorithms to compute finite set of solutions

m Detection of weak defectivity: rare cases when oo many
solutions

m Construction of additional diversity: increases order

m Thanks for your attention

=y

Pierre Comon MMDS - July 2009 28
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Darmois-Skitovich theorem (1953)

Theorem
Let s; be statistically independent random variables, and two linear

statistics:
= Zaisi and yr = Zbisi
i i

If y1 and y» are statistically independent, then random variables si
for which ay by # 0 are Gaussian.

NB: holds in both R or C

Pierre Comon MMDS - July 2009 29
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Proof of Darmois-Skitovich thm

Assume [ay, by] not collinear and v, differentiable.
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30



Introduction Statistics Tensors TheEnd App Darmois proof Cumulants AH-thm ref

Proof of Darmois-Skitovich thm

Assume [ay, by] not collinear and v, differentiable.

Hence S0 p(uak + v bi) = Sob_; i ak) + Ui (v be)
Trivial for terms for which ax b, = 0.

From now on, restrict the sum to terms ay by # 0

Pierre Comon MMDS - July 2009
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Proof of Darmois-Skitovich thm

Assume [ay, by] not collinear and v, differentiable.

Hence S0 p(uak + v bi) = Sob_; i ak) + Ui (v be)
Trivial for terms for which ax b, = 0.
From now on, restrict the sum to terms ay by # 0

Write this at v+ «/ap and v — a/bp:

P
ax by

ZW (uak—i—vkara(—bP)) = f(u) +g(v)

a
k=1 P

Pierre Comon MMDS - July 2009 30
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Proof of Darmois-Skitovich thm

Assume [ay, by] not collinear and v, differentiable.

Hence S0 p(uak + v bi) = Sob_; i ak) + Ui (v be)
Trivial for terms for which ax b, = 0.
From now on, restrict the sum to terms ay by # 0

Write this at v+ «/ap and v — a/bp:

P
> (wan b+ a2 - 4 = 1) + (1)

k=1
Subtract to cancel Pth term, divide by «, and let o — 0:

Z(ak — W uay + v be) = FO () + gD (v)
k=1

for some univariate functions f(l)(u) and g(l)(u).
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Proof of Darmois-Skitovich thm

Assume [ay, by] not collinear and v, differentiable.

Hence S0 p(uak + v bi) = Sob_; i ak) + Ui (v be)
Trivial for terms for which ax b, = 0.
From now on, restrict the sum to terms ay by # 0
Write this at v+ «/ap and v — a/bp:
dk bk

P
> (wan b+ a2 - 4 = 1) + (1)

k=1
Subtract to cancel Pth term, divide by «, and let o — 0:

Z(ak — W uay + v be) = FO () + gD (v)
k=1

for some univariate functions f)(u) and g™ (u).
Conclusion: We have one term less

Pierre Comon MMDS - July 2009
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[ Repeat the procedure (P — 1) times and get:

P
a b _ _ _
12 - 2 il Dwar+vb) = () + gP()
j=2 J J

Pierre Comon MMDS - July 2009
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[ Repeat the procedure (P — 1) times and get:

P
a b _ _ _
12 - 2 il Dwar+vb) = () + gP()
j=2 J J

P-1 - o
H Hence 1/1& )(u a1+ v by) is linear, as a sum of two univariate

functions (wgp) is a constant because a;b; # 0).
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[ Repeat the procedure (P — 1) times and get:

P

b ,

[1C - 2wl Dwar + v ) = £ () + g7 D)

s 4 b

j=2

H Hence wngl)(u a1+ v by) is linear, as a sum of two univariate
functions (wgp) is a constant because a;b; # 0).

@ Eventually v; is a polynomial.
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[ Repeat the procedure (P — 1) times and get:

P

b _

[1C - 20 el ua+vi) = D) + g (v)

>3 b

j=2

H Hence wngl)(u a1+ v by) is linear, as a sum of two univariate
functions (wgp) is a constant because a;b; # 0).

@ Eventually ¢ is a polynomial.

Lastly invoke Marcinkiewicz theorem to conclude that s is
Gaussian.
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[ Repeat the procedure (P — 1) times and get:

P

b _

[1C - 20 el ua+vi) = D) + g (v)

>3 b

j=2

H Hence wngl)(u a1+ v by) is linear, as a sum of two univariate
functions (wgp) is a constant because a;b; # 0).

@ Eventually ¢ is a polynomial.

Lastly invoke Marcinkiewicz theorem to conclude that s is
Gaussian.

B Same is true for any v, such that a,b, # 0: s, is Gaussian.
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[ Repeat the procedure (P — 1) times and get:

P

b _

[1C - 20 el ua+vi) = D) + g (v)

>3 b

j=2

H Hence wngl)(u a1+ v by) is linear, as a sum of two univariate
functions (wgp) is a constant because a;b; # 0).

@ Eventually ¢ is a polynomial.

Lastly invoke Marcinkiewicz theorem to conclude that s is
Gaussian.

B Same is true for any v, such that a,b, # 0: s, is Gaussian.

NB: also holds if ¥, not differentiable
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Definition of Cumulants

m Moments:

def 0" d(t)
r = [E n —(—,)y —~2
7 X"} =(-2) ot |,
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Definition of Cumulants

m Moments:
def 0"d(t)
r = E o — ()"
i By = (o TR
m Cumulants:
dﬁf _ r 8rw(t)
Cx(r) = Cum{x,...,x} =(—1) e

r times
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Definition of Cumulants

m Moments:
def 0"d(t)
r = ]E, — ()"
i By = (o TR
m Cumulants:
dﬁf _ r arw(t)
Cx(r) = Cum{x,...,x} =(—1) ot |

r times

m Relationship between Moments and Cumulants obtained by
expanding both sides in Taylor series:

log <I>x(t) = Wx(t)
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Polynomial interpolation

Alexander-Hirschowitz Theorem (1995) Let £(d, m) be the
space of hypersurfaces of degree at most d in m variables. This
space is of dimension D(m, d) % (M) —1.

THEOREM Denote {p;} K given distinct points in the complex
projective space P"”. The dimension of the linear subspace of
hypersurfaces of £(d, m) having multiplicity at least 2 at every
point p; is:

D(m,d) — K(m + 1)

except for the following cases:
ed=2and2< K<m
ed>3and (md,K)<{(24,5),(3,4,9),(4,1,14),(4,3,7)}

In other words, there are a finite number of exceptions.
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