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f̂(k) =

∫
e−i2πkxf(x) dx

e−i2πkx1 e−i2πkx2 = e−i2πk(x1+x2)



f̂(ρ) =
∑

x∈G

f(x) ρ(x)

ρ(x2)ρ(x1) = ρ(x2x1)

ρ : G→ Cd×d is called a representation



Irreducible Representations of SO(3)

ρ0(R)

ρ1(R)

ρ2(R)

ρ3(R)

[ρl(θ,φ, ψ)]m,m′ = e−im′ψ Y m
l (θ,φ)



Group algebra: {ex}x∈G ex · ey := exy

F : CG
isom.→

⊕

ρ∈R
GL(dρ)



The skew spectrum and the 
graphlet spectrum of graphs

Karsten Borgwardt
Max Planck Inst., Tübingen

Nino Shervashidze
Max Planck Inst., Tübingen



up to ~300 vertices
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A =





0 0 1 0 0
0 0 1 0 0

1 1 0 0 0
0 0 0 0 0

0 0 0 0 0




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A =





0 0 1 0 0
0 0 1 0 0

1 1 0 0 0
0 0 0 0 0

0 0 0 0 0
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Aπ
π(i),π(j) = Ai,j

is a graph invariant if                        for all    .q(A) πq(Aπ) = q(A)



The graph function

fA(σ) = [A]σ(n),σ(n−1)

fA(σ) = [A]σ(n),σ(n−1)

fAπ (σ) = [Aπ]σ(n),σ(n−1) = Aπ−1σ(n),π−1σ(n−1) = fA(π−1σ)

fπ(σ) = f(π−1σ) is called the left-translate of f



The Fourier spectrum of graphs

f̂A(ρ) =
∑

σ∈Sn

fA(σ)ρ(σ)

f̂π(ρ) =
∑

σ∈Sn

f(π−1σ) ρ(σ) =
∑

τ∈Sn

f(τ) ρ(πτ) = ρ(π) f̂(ρ)



â(ρ) = f̂(ρ)† · f̂(ρ)

ât(ρ) = (ρ(t)f̂(ρ))† · (ρ(t)f̂(ρ)) = f̂(ρ)† · f̂(ρ) = â(ρ)

The power spectrum



(
f̂(ρ1)⊗ f̂(ρ2)

)!
Cρ1,ρ2

⊕

ρ

f̂(ρ)

The non-commutative bispectrum

[Kakarala ’92]



The skew spectrum

[Kondor, 2007]

rν(σ) = f(σπ)f(σ)

q̂ν(ρ) = r̂ν(ρ)! · f̂(ρ)







fg(σ) = 1 if g occurs as a subgraph of
G at (σ(n), σ(n− 1), . . . ,σ(n− k + 1)

f̂gi(λ)† · f̂gj (λ) i, j = 1, 2, . . . m, λ ! n

The graphlet spectrum



dirty details



ρ1(σ) =
(

1
)

ρ2(σ) =





−0.5 −0.289 −0.204 −0.791
0.866 −0.167 −0.118 −0.456

0 0.943 −0.0833 −0.323
0 0 0.968 −0.25





ρ3(σ) =





0.25 −0.433 0.433 −0.75 0
−0.433 −0.25 −0.75 −0.433 0
−0.433 −0.25 0.25 0.144 −0.816
0.75 −0.144 −0.433 0.0833 −0.471
0 0.816 0 −0.471 −0.333





ρ4(σ) =





0.333 0.236 0 0.913 0 0
−0.471 0.0417 0.217 0.161 0.839 0
0.816 −0.0722 0.125 −0.28 0.484 0

0 −0.484 −0.28 0.125 0.0722 0.816
0 0.839 −0.161 −0.217 0.0417 0.471
0 0 0.913 0 −0.236 0.333





σ = (2, 1, 3, 4, 5) ∈ S5



Bratelli diagram



f̂( ) =

f̂( ) =

f̂( ) =

f̂( ) =

d = 1

d = n − 1

d = n(n−3)/2

d = (n−1)(n−2)/2



f̂(ρ1) = (6)

f̂(ρ2) =





-0.25 -0.323 0 0
-0.323 -0.417 0 0
0.913 1.18 0 0

0 0 0 0





f̂(ρ3) =





1.33 0 0 0 0
0.471 0 0 0 0

0 0 0 0 0
0.816 0 0 0 0

0 0 0 0 0





f̂(ρ4) =





-1.67 0 0 0 0 0
1.18 0 0 0 0 0
0 0 0 0 0 0

-0.913 0 0 0 0 0
0 0 0 0 0 0

-2.24 0 0 0 0 0







size time
Power spectrum 7 O(n3)
Skew spectrum 87 O(n6)
Reduced skew spectrum 49 O(n3)
Graphlet spectrum

(m
2

) ∑k
s=0

(k
s

)
s! O(n2+k)



http://www.gatsby.ucl.ac.uk/~risi/SnOB

http://www.cs.columbia.edu
http://www.cs.columbia.edu


experimental results



MUTAG ENZYMES NCI1 NCI109
Number of instances/classes 188/2 600/6 4110/2 4127/2
Max. number of nodes 28 126 111 111
Graphlet spectrum 88.11 (0.46) 35.42 (0.58) 65.0 (0.09) 65.31 (0.08)
Reduced skew spectrum 88.61 (0.21) 25.83 (0.34) 62.72 (0.05) 62.62(0.03)
Graphlet count kernel 81.7 (0.67) 23.94 (0.4) 54.34 (0.04) 52.39 (0.09)

MUTAG ENZYME NCI1 NCI109
Number of instances/classes 600/6 188/2 4110/2 4127/2
Max. number of nodes 28 126 111 111
Reduced skew spectrum 88.61 (0.21) 25.83 (0.34) 62.72 (0.05) 62.62 (0.03)
Random walk kernel 71.89 (0.66) 14.97 (0.28) 51.30 (0.23) 53.11 (0.11)
Shortest path kernel 81.28 (0.45) 27.53 (0.29) 61.66 (0.10) 62.35 (0.13)



Multi-object tracking with representations of the symmetric 
group [K., Howard, Jebara, AISTATS 2007]

Efficient inference for distributions on permutations [Huang, 
Guestrin, Guibas, NIPS 2007]

The skew spectrum of graphs [K., Borgwardt, ICML 2008]

Characteristic kernels on groups and semigroups [Fukumizu, 
Sriperumbudur, Gretton, Scholkopf, NIPS 2008]

Inferring rankings under constrained sensing [Jagabathula, 
Shah, NIPS 2008]

The graphlet spectrum of graphs [K., Shervashidze, Borgwardt, 
ICML 2009]
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